Let two mappings f , g be given between smooth manifolds M, N of different dimensions n + m and n, respectively. We consider the problem of the coincidence set Coin(f, g) minimization. Suppose the set Coin(f, g) is equal to a finite union of preimages (under f × g) of diagonal points of the target space N squared, and each preimage is a closed m-submanifold in M. The minimizing coincidence problem may, then, be considered with respect to those preimages. How to coalesce two of them, to move or to remove one of them via homotopies of the mappings f , g? In this paper we give constructive answers to those questions, under additional conditions. © 2008 Elsevier B.V. All rights reserved.
theory was generalized to the case of preimages of some subspace and to the case of roots (as preimages of a given point) (see [4, 5, 7] ).
The next Nielsen theory extension was made to a more delicate case: the case of coincidences of two maps of different spaces. In this case two mappings f, g : X → Y are considered, and the minimizing problem is investigated with respect to the coincidence set Coin(f, g) = {x ∈ X | f (x) = g(x)}. The presence of two different spaces implies a variety of problems concerning, in particular, the cases of equal and different dimensions of the spaces. As for the case of the same dimension spaces, the coincidence Nielsen theory and its relative and equivariant versions can be found in the following papers [3, 6, [12] [13] [14] [15] [16] 26] . Given two mappings f, g : X → Y , dim X = dim Y , two coincidence points x 1 , x 2 ∈ Coin(f, g) are called Nielsen equivalent if there exists a path α joining them such that the paths f • α and g • α are homotopic to each other (relative to the endpoints). Quite similarly to the classical Nielsen theory, (co)homological index of a Nielsen equivalence class of coincidences is introduced, and the coincidence Nielsen number N(f, g) is defined as a number of essential Nielsen classes, that is, classes with nontrivial indices.
In recent years several papers appeared devoted to the case of different dimensions in this problem. In this case the coincidence set is not a collection of isolated points but may be more complicated and have positive dimension. How to avoid or to diminish coincidences in this situation? There are different approaches to this problem. One of them is the finding of cohomological obstructions for the extension, step by step, of the given pair of mappings (f, g) from the k-skeleton of the space X to its k + 1-skeleton without coincidences (see [11, 22, 28] ). The other approach is an attempt to introduce Nielsen type invariants using bordism theories. More exactly, Saveliev (see [21] ) considers the minimizing problem with respect to the singular bordism group of the set Coin(f, g). U. Koschorke (see [18] [19] [20] 29, 30] ) introduces Nielsen type invariants as elements of singular (stabilized and nonstabilized) framed bordism groups of spaces X or E(f, g) where E(f, g) is a Gurevich type fibration over X with a fibre over x ∈ X consisting of paths joining the points f (x), g (x) . He mostly considers the set Coin(f, g) and its pathcomponents as singular submanifolds of X or of E(f, g) for smooth mappings f , g.
In this paper, we present some particular results in this field. When solving the minimizing coincidence problem, one needs to coalesce Nielsen-equivalent coincidence points (or subsets), to move them (especially when dealing with relative versions of the Nielsen theory) and to remove inessential ones via homotopies of the given mappings. Consider the following particular situation. Let f, g : M m+n → N n be smooth mappings of smooth compact closed oriented manifolds of indicated dimensions, and m > 0, n > 2. Let the mapping (f × g) be transversal to the diagonal Δ N ⊂ N × N , and the (nonempty) intersection (f × g)(M) ∩ Δ N consist of (finite number of) isolated points. In this case the whole set C = Coin(f, g) is a closed m-submanifold in M, which is a finite union of the preimages under (f × g) of the diagonal points, and each of those preimages is also a closed m-submanifold in M.
So under the described conditions, the minimizing coincidence problem can be considered with respect to those preimages.
In this paper we present sufficient conditions for "the coalescing" of such m-submanifolds, for the moving and for the removing of one of them by means of homotopies of f , g, in the case of continuous mappings f , g. The corresponding homotopies are constructed in an explicit form. These results allow us partly to minimize the number of the preimages under (f, g) of the diagonal points via special homotopies of the mappings f , g under certain dimension conditions. The results of this paper were partly represented in [9, 10] . Our considerations were inspired mostly by ideas of J. Guo Let on some tubular neighbourhood t (X) of a submanifold X with the boundary ∂X in M a direct product structure be given by
where X ε stands for the union of X and a small collar neighbourhood of the boundary ∂X. Here the fibre over a boundary point is considered to be a half-disc
, where the small "collar" interval out of X is identified with the interval [0; 1).
Definition 3.
We say a mapping V : t (X) → N is compatible with the direct product structure ( * ) over a subset A, A ⊆ X if for any points x 1 , x 2 ∈ A \ ∂X, y ∈ D k (or for any points 
Then there exist homotopies, constant out of U , joining the pair of mappings (f, g) with a pairf
Proof. We shall proceed in three steps.
Step 1. First we shall construct local homotopies joining the mappings f , g with some mappings
According to the conditions of the theorem, the given homotopy Φ between f and g on W is defined in the following way:
Let us denote α(t)
To construct the required homotopies, we need to stretch small end-pieces of the paths α and β along the path γ s (1) up to its middle point γ 1 2 (1). Of course, a small neighbourhood of the submanifold B will be involved into the process.
Because of the given direct product structure on the tubular neighbourhood t (W ), any point z ∈ t (W ) over
Let us define the homotopies in the following way:
And similarly for the mapping g:
Then the resulting mappings f 1 , g 1 are
. It follows from the construction of the paths that both of them are homotopic (rel A ∪ B) to the path γ 1
Indeed, there exist homotopies of the paths which are constant on A ∪ B. It is clear that such homotopiesf s , g s can be constructed using the given homotopy Φ and the homotopies (1), (2) constructed above. Here we have "a homotopy of a homotopy", one needs similarly to stretch images of the small end piece of the tube t (W ) at every moment s (0 s < . Let us notice also that all the remaining conditions of the theorem having been imposed to the mappings f , g and to the homotopy Φ, are inherited by these new mappings and homotopies.
Step 2. Note that as the path γ 1 2 is embedded into N , it has a neighbourhood Ω homeomorphic to n-dimensional open disc. There then exists such small closed tubular neighbourhood t (W ) ⊆ t (W ) and such δ, 0 < δ < 
Below we denote by x = x(t) all points of W belonging to the subset ϕ −1 (t). Note that for any point z ∈ t (W (δ;1−δ) ) we have the parametrization: z = (x(t), y), where y ∈ D n−1 . Now define the homotopy F s on M as follows
The homotopy G s is constructed in the same way. One can see that the boundary of the tube t (W ) is fixed under these homotopies, hence they are local and constant out of t (W ). So, we have obtained mappingsF 1 ,Ĝ 1 : M → N with the following properties: = (x, s, y) , where
, y ∈ D n−1 . Now define the required neighbourhood Q in the following way:
In order to construct the final homotopies, let us define on Q a new parametrization. Let μ(s) be an integral trajectory inŴ (according to the given Morse function ϕ onŴ ) or a line, consisting of separatrices pieces, going through the wholeŴ from the set A −ε = ϕ −1 (−ε) up to the set B; and let h ∈ S n−2 . The set Join by a segment each point of this semicircle and the right end of the base, corresponding to the point μ(1) ∈ B, where s = 1. Parametrize all such segments with a parameter τ , τ ∈ [0; 1], in the direction from the point of the semicircle up to the base end-point. In such a way, each point z of the half-disc belongs to a unique such segment and hence it is uniquely determined by a pair of the segment endpoints: (1) a point z 0 belonging to the semicircle, (2) a point z 1 belonging to the base, and (3) by the parameter τ . This implies that the correspondent (to the point z ) point z ∈ Q | μ(s)×th ∩ Q is parameterized by the similar three parameters: by the corresponding points z 0 ∈ (∂Q \ B), z 1 ∈ B, and by the parameter τ . Thus, we can correspond to each point z ∈ Q the triple (z 0 , z 1 , τ ) indicated above: z → (z 0 , z 1 , τ ) .
Let us notice here that in the case when the line μ(s) consists of pieces of separatrices , the points z 0 and/or z 1 are not uniquely defined, but the parameter τ = τ (z) itself is defined uniquely, and the levels t 0 , t 1 = 1 of the Morse function ϕ also are uniquely defined where π(z 0 ) ∈ ϕ −1 (t 0 ), z 1 ∈ B; π stands for the projection of the normal bundle ofŴ .
Let us define now the final homotopies as the linear ones joining the mappingsF 1 ,Ĝ 1 constructed above, with mappingsf ,g, given by the following formulas. (Here we identify the neighbourhood Ω with a disc D n homeomorphic to it, and the linear operations are made in this disc.)
Similarly,
Recall that the compatibility condition (3) of the theorem holds also for the mappingsF 1 ,Ĝ 1 . Therefore, if for a point z ∈ Q π(z) belongs to the separatrix family, then in the formulas (3), (4) 
Proof. One should proceed just as in the proof of Theorem 1 starting from Step 2. 2
Now consider the following result due to Saveliev [22] concerning the removing of coincidences. Its proof is based on the standard obstruction theory. Theorem 3 (Saveliev) . Let f, g : M n+m → N n be continuous mappings of oriented compact smooth manifolds (possibly with boundaries) of indicated dimensions (m > 0, n 2), the setC ⊆ Coin(f, g) be such that f (C) = g(C) = a, a ∈ N \ ∂N , and the following conditions hold:
Then there exists a local homotopy (relative M \ U ) of one of the given mappings (e.g., f ), joining the pair (f, g) with 
is trivial for the chosen pair (U, U \ V ). And the cohomology groups with coefficients are as follows
So, the condition of the theorem that π n+m−1 (S n−1 ) is trivial provides that all the remaining conditions of Theorem 3 are fulfilled. It implies the existence of the required homotopy. Theorem 4 is proved. 2
The dimension conditions of Theorem 4 are fulfilled only for selected pairs of dimensions (m + n; n) such as (n + 4; n) for n 7, (n + 5; n) for n 8, (n + 12; n) for n 15 (see, e.g., [1, pp. 284-285] ).
It should be noticed that in case of smooth mappings, Theorem 4 is a particular case of the theorem by Koshorke (see [20, Theorem 1.10] ), which states the same result under weaker conditions for the subset A ⊂ Coin(f, g) and for any pair of dimensions (m + n, n) satisfying the condition 0 < m < n − 2. The proof presented in [20] is different and not as explicit which is why we have placed this result with the proof.
As for our Theorem 2, it is not a particular case of the mentioned theorem by Koschorke because it does not contain the condition m < n − 2. As for our Theorem 1, the author does not know of any similar statement for the case of positive codimension m.
Consider the situation when f, g : M n+m → N n are continuous mappings, m > 0, n > 2; the intersection (f × g)(M) ∩ Δ N consists of finite number of isolated points; and the preimage of each diagonal point (under f × g) is a smooth m-submanifold in M. It should be noticed that the relation as described in Theorem 2 between two such preimages A, B ⊂ Coin(f, g) is not in general an equivalence.
Nevertheless, let us have m + 1-bordism W in M, which is a tree of m + 1-bordisms, being well adjacent and intersecting only along their common boundaries; let their boundaries be m-submanifolds of the coincidence set Coin(f, g), and each mapped by f, g to the same point; let each of the bordisms satisfy the condition of Theorem 2. Then, applying Theorem 2, step by step to those bordisms, we can remove coincidences (by means of local homotopies of the given mappings f , g) from all these boundary submanifolds, except the last one, which is the part of the boundary of the "root" bordism of that tree. Note, that the whole bordism W may not satisfy the conditions of Theorem 2.
If, besides, the "root" bordism of that tree is a nul-bordism that satisfies the conditions of Theorem 4, then we can remove coincidences from all those boundary m-submanifolds using Theorems 2, 4.
Thus in the mentioned partial cases the number of the (components of) preimages under f × g of diagonal points can be minimized via special local homotopies of the given mappings f , g.
